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In this paper we show that any separable C*-algebra which does no/ have con- 
tinuous trace has an uncountable outer automorphism group. In fact, for such C*- 
algebras, A, we show that Out A = Aut A/Inn A is not countably separated in the 
quotient Bore1 structure obtained from the point-norm topology on Aut A. (’ 1987 
Academic Press. Inc. 
In recent years, a large part of the theory of operator algebras has been 
devoted to the automorphism groups of C*-algebras. In particular, much 
attention has been focussed on classifying crossed product C*-algebras 
when the group acting is locally compact. Even when the group is singly 
generated (e.g., Z) the problems are nontrivial and the classifications 
require deep and powerful tools. Of course when the group Z is acting on 
A and is generated by a single inner automorphism, the crossed product is 
isomorphic to A 0 C*(Z) z A @ C(S’ ). For this and other reasons, inner 
automorphisms are usually regarded as trivial in the theory of C*-algebras. 
However, very little is known, in general, about the existence of nontrivial 
(i.e., non-inner) automorphisms of operator algebras. 
For von Neumann algebras, it is an old theorem of Kaplansky [7] that 
every type I factor has only inner automorphisms. In the type III case, 
M. Takesaki has shown [ 111 that every such factor on a separable Hilbert 
space has outer automorphisms. In the type II case, the problem boils 
down do the II, setting where it is still unsolved; however, A. Connes [4] 
has produced an example, A, where Aut A/Inn A is at most countable, and, 
in fact, is probably just Z, for A = L(SL(3, Z)) the left regular von 
Neumann algebra of SL(3, Z). 
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For separable C*-algebras, the automorphism groups have been studied 
in some detail for special classes of algebras (for example, UHF and con- 
tinuous trace algebras), but little is known in general. Of course, if Z is the 
centre of the multiplier algebra of A, then any automorphism a of A 
induces an automorphism d of Z and hence a homeomorphism 6; ’ = b(cr) 
of 2. Thus, we get an exact sequence 0 + Aut,A + Aut A +@ Homeo(Z), 
where, of course, Aut,A is the normal subgroup of centre-fixing 
automorphisms of A. We take the view that the purely noncommutative 
aspects of C*-algebras are best served by studying the group Aut,A. 
In this paper, we prove the surprising result that any separable C*- 
algebra, A, which does not have continuous trace must have a nontrivial 
(centre-fixing) outer automorphism. In fact, we show that Aut,A/Inn A is 
not countably separated in the quotient Bore1 structure derived from the 
topology of pointwise norm convergence on A. A straightforward 
application of Souslin’s theorem shows that Inn A is a Bore1 set and so 
Aut,A/Inn A is uncountable! 
If A does have continuous trace, then by [lo], we can identity 
Aut,A/Inn A as a subgroup of /?‘(A, Z) which, of course, can be {0}, 
finite, or infinite. If A is stable, then we have Aut,A/Inn A r J?‘(A, Z), and 
so, for example, if A = C(PU(n), K), where PU(n) = U(n)/Si is the projec- 
tive unitary group and K is the compact operators, we have 
Aut, A/Inn A z ZJnZ. 
If one insists on allowing homeomorphisms of a to enter the picture, one 
can easily construct an infinite, compact, connected (even contractible) 
subset X of C which has no nontrivial homeomorphisms. Thus, for A = 
C(X) (or even C(X, K)) we see that Aut A/Inn A = (0) and A has no non- 
trivial outer automorphisms at all. We leave the details to the interested 
reader. 
1. NOTATIONS AND DEFINITIONS 
If A is a C*-algebra, we shall denote its group of *-automorphisms by 
Aut A. The normal subgroup of inner automorphisms (i.e., those 
automorphisms implemented by unitaries in the multiplier algebra, M(A) 
of A) will be denoted by Inn A. We will let U(A) denote the group of 
unitary elements of M(A) and Ad: U(A) + Inn A will denote the usual 
group epimorphism. We will denote the centre of M(A) by Z = Z(A) and 
let Aut,A denote the normal subgroup of Aut A consisting of those 
automorphisms which fix Z pointwise. We observe that Inn A c Aut,A 
and that Aut,A is open in Aut A in the norm topology: since if 
jlcl - idI/ < 1, then the restriction of CI to Z must be trivial by viewing Z as 
C(X) for some compact space X. 
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As usual, we consider M(A) endowed with the strict topologJ1. That is, a 
net {m,) in M(A) converges strictly to m in M(A) if ii(m, - m) all + 0 and 
I~R(YM, - m)ll + 0 for all a E A. If A is unital so that A = M(A ), the strict 
topology is just the norm topology. In general, A is strictly dense in M( A ). 
since A has a bounded approximate identity. Thus, if A is separable in 
norm, M(A ) and hence U(A) are strictly separable. Moreover, if (uk ) is a 
dense sequence of nonzero elements in A,y, then 
x Il(u-c)unll + ~~a~(u-r)l~ d,(u, u)= c k:l 2” + ’ IlUk 11 
is a complete metric for U(A) which gives the strict topology on U(A). In a 
similar vein, if A is separable, then Aut,A is a complete metric space in the 
point norm topology with the metric 
2. PRELIMINARY RESULTS 
2.1. PROPOSITION. Let G he a metri:uhle topological group Icith metric d. 
Let H he a closed normal subgroup, and supposr that d is inwriunt under It+ 
and right translations by elements of’ H. Then G,‘H is mctri:uhle with metric 
a(g,H, g?H)=inf jd(g’,, ~~)IK’,EKIH, ,Y~EK~H)~ 
Moreowr, if’ G is separable, G/H is sepuruhlr and if’ G i.c wmpletcj in the 
metric d, GJH is complete in the metric d 
Proof: Straightforward. 1 
We note that a similar, more difficult result [2, p. 261 holds with dif- 
ferent assumptions on the metric d; however, in Theorem 3.1 we will need 
the more detailed information about C? given in Proposition 2.1, 
2.2. COROLLARY. Let A be a separable C*-ulgehru and give U(A) thr 
metric d, defined above. Then U(Z(A)) 1s a closed normul subgroup of‘ U( A ) 
(it is the kernel of Ad) and d, is invariant under left und right trunslutions b!~ 
elements of U(Z(A)). Thus, U(A)/U(Z(A)) ‘. 1s a complete, sepuruble metric 
space in the metric a,. 
The following result is due to L. Brown and also B. Pettis independently. 
As far as we know it has never been published before, although it is an 
elegant generalization to nonseparable, non-locally compact metrizable 
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groups of results due to G. Mackey [9, Theorem 7.21 and E. G. Effros [S, 
Theorem 2.6 (7) a (5) for the case G a subgroup of X]. 
2.3. PROPOSITION. Let G be a completely metrizable topological group 
and let H be a subgroup of G. If H is not closed, then GJH is not countably 
separated in the quotient Bore1 structure. 
Proof: If G/H is countably separated then we can easily construct a 
one-to-one Bore1 function f: G/H -+ [0, 11. Let 7: G + [0, 1 ] be the map 
f 0 rt where, rr: G + G/H is the quotient map. By [S, p. 400, Theorem and 
Remark] there is a dense G, set E in G so thatfl, is continuous. Since H is 
not closed, we choose a sequence {h,} in H so that h, + g, where g # H. 
Now, Eg-’ n (nF= i Eh;‘) is not empty so there is an element g, E G with 
g, g and g, h, in E for all n. But then, 
so that g, H = g, gH and hence H = gH, which implies ge H, a contradic- 
tion. Thus G/H is not countably separated. 1 
2.4. PROPOSITION. Let A be a separable C*-algebra, then Inn A is a 
Bore1 subset of Aut A (when Aut A has the point norm topology). 
Prooj The map Ad: U(A) -+ Inn A g Aut A is continuous when U(A) 
has the strict topology, and so it induces a continuous bijection 
U(A)/U(Z(A)) + Inn A. Since U(A)/U(Z(A)) is polish by Corollary 2.2, 
Souslin’s theorem [S, p. 4871 applies and Inn A is a Bore1 set. 1 
3. THE MAIN THEOREM 
3.1. THEOREM. Let A be a separable C*-algebra which does not have 
continuous trace. Then Inn A/Inn A is not countably separated in the 
quotient Bore1 structure and is, moreover, uncountable. 
Proof: If we show that Inn A is not closed, then by Proposition 2.3, 
Inn A/Inn A is not countably separated and since points in this quotient 
space are Bore1 sets by Proposition 2.4, we see that this quotient is uncoun- 
table. Now suppose Inn A is closed so that U(A)/U(Z(A)) -+ Inn A is a 
homeomorphism by [ 8, p. 4911. 
We show that this implies that all central sequences in M(A) are trivial 
and hence A has continuous trace by [ 1, Theorem 2.41; this is a contradic- 
tion and so Inn A is not closed. By standard arguments it suffices to see 
that all central sequences of unitaries are trivial. Thus, let {u,) be a central 
sequence of unitaries in M(A) so that Ilu,au,* -al/ = Ilu,a - au,11 + 0 for all 
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UE A. That is, A&, + id in the point norm topology, and so 3 -+ 1 in 
U(A)/U(Z(A)) where ~ denotes coset. By definition of the metric a,, we 
can choose {vn} in U(A) with s=s and so that di(r,,, 1) + 0. But, now 
u,, = z,,u,, where z, E U(Z(A)) and 
d,(u,,t z,T)=dt(z,,u,,, l)=d,(u,,, l)-*O. 
Thus, (u,, - z,*) -+ 0 strictly and {u,} is trivial as claimed. i 
3.2. COROLLARY. Let G be a countable infinite-conjugacy-class group 
such thut L(G) is a full II, factor, then there is an uncountable family (u,) 
of unitaries in L(G) so that {Adu,} define outer automorphisms I$ C,*(G) 
and { Adu,} are pairwise inequivalent modulo Inn C,*(G). 
Proof We first observe that C,*(G) does not have continuous trace 
since it has a non-type I representation. Next we observe that any x in 
Inn C,*(G) preserves the trace and trace and so extends to an 
automorphism (also denoted by LX) of L(G). Clearly this extended z is in 
the closure of Inn L(G), where Aut L(G) has the topology of pointwise 
norm convergence on the predual of L(G). Since L(G) is full, Inn L(G) is 
closed by definition [3], so there is a unitary u, in L(G) with my =Adu,. 
The result follows since Inn C,*(G)/Inn C,*(G) is uncountable. 1 
3.3. Remarks. (1) Of course Corollary 3.2 is closely related to the fact 
that for such groups G, there exist uniform-norm central sequences (x,,) in 
C,*(G) (which are, of course, also /I./I,-norm central sequences in L(G)) and 
sequences of complex numbers iA,) so that I~.Y,, - jb,, 111, + 0, but 
i lb,, - j.,, 1 II 1 is bounded away from 0. This easily fol10ws~ from [I, 
Theorem 2.41 and [3, Corollary 3.81. 
I am grateful to George Skandalis for pointing out that property T was 
an unnecessary assumption in Corollary 3.2. 
(2) Part of Theorem 3.1 is just a careful rendering of (the correct half 
of) George Elliott’s remark [6] that all central sequences in A are 
trivial o Inn A is point-norm closed (*can be false if A is not compact) 
together with Theorem 2.4 of [ 11. 
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